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n-ANGULATED CATEGORIES FROM SELF-INJECTIVE 

ALGEBRAS 

ZENGQIANG LIN 


Abstract. Let C be a fc-linear category with split idempotents, and S : C —> C 
an automorphism. We show that there is an n-angulated structure on (C, S) 
under certain conditions. As an application, we obtain a class of examples of 
n-angulated categories from self-injective algebras. 


1. Introduction 

Let n be an integer greater than or equal to three. Geiss, Keller and Opper- 
mann introduced the notion of n-angulated categories, which is a “higher dimen¬ 
sional” analogue of triangulated categories, and gave the standard construction of 
n-angulated categories from (n — 2)-cluster tilting subcategories of a triangulated 
category which are closed under the (n — 2)-nd power of the suspension functor [5]. 
For n = 3, an n-angulated category is nothing but a classical triangulated cate¬ 
gory. Another examples of n-angulated categories from local algebras were given 
in [4]. Let i? be a commutative local ring with maximal principal ideal m = (p) 
satisfying = 0. Then the category of finitely generated free ii-modules has 
a structure of n-angulation whenever n is even, or when n is odd and 2p = 0 in 
R. The theory of n-angulated categories has been developed further, we can see 
0 m m m m HD for reference. In this note, we devote to provide new class of 
examples of n-angulated categories. 

Throughout this paper let k be an algebraically closed field, and let C be a 
fc-linear category with split idempotents and S : C —> C an automorphism. It is 
natural to ask under which conditions does the category (C, E) has an n-angulation. 
We first note that if C is an n-angulated category, then the category modC of 
contravariant finitely presented and exact functors from C to modfc is a Frobenius 
category. Now we assume that modC is a Frobenius category. Then the stable 
category mod C is a triangulated category and the suspension is the cosyzygy functor 
12“^. The automorphism E can be extended to an exact functor from modC to 
mode and thus to a triangle functor of modC . In this case, (E, a) and (12“"', (—1)") 
are two triangle endofunctors of modC . where a : Ef2“^ —>■ I2“^E is a natural 
isomorphism. Heller showed in m that there is a bijection between the class 
of pre-triangulations of (C, E) and the class of isomorphisms of triangle functors 
from (E,cr) to —1). Since Heller did not succeed in proving the octahedral 

axiom, Amiot gave a necessary condition on the functor E such that (C, E) has 
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a triangulated structure, which is applied to deformed preprojective algebras [I]. 
In [8] it is showed that Heller’s parametrization of pre-triangulations extends to 
pre-n-angulations. Our first main result is as follows. 


Theorem 1.1. LetC be a k-linear category with split idempotents and T, : C ^ C an 


automorphism. If modC is a Frobenius category and there exists an exact seguence 
of exact endofunctors of modC 

0^ Id^ ^ ^ -^ X” ^ S ^ 0, 

where all the X® take values in projC. Then (C, S) has an n-angulation structure. 

Theorem ll.ll is a higher version of [U Theorem 8.1]. Since n-angulated categories 
are more complex than triangulated categories, we should make some technological 
modifications in the proof. 

Let H be a finite-dimensional A:-algebra. Given an automorphism cr of A, we 
denote by lA^ the bimodule structure on A where the action on right is twisted 
by a. It is easy to check that lAr = where a and r are two auto¬ 

morphisms. A finite-dimensional /c-algebra A is said to be quasi-periodic if A has 
a quasi-periodic projective resolution over the enveloping algebra A® = A°'^ G)fc A, 
i.e., fl^e{A) = lAo- as A-A-bimodules for some natural number n and some au¬ 
tomorphism a of A. In particular, A is periodic if (A) = A as bimodules. In 
this case, if n is minimal, we say A is a periodic algebra of periodicity n. It is 
well known that quasi-periodic algebras are self-injective algebras [10] . Our second 
main result is as follows. 

Theorem 1.2. (=Theorem 4-3.) Let A be a finite-dimensional indecomposable 
quasi-periodic k-algebra. Assume that Tl^e{A) = lA^ as A-A-bimodules for an 
automorphism a of A. Then for each positive integer m, the category {projA, E) has 
an mn-angulation structure, where E is the functor — A^j-m : projA —>■ projA. 
In particular, if a is of finite order I, then {projA, Idpj-gjj^) has an In-angulation 
structure. 

There are numerous examples of periodic algebras. The most notable examples 
are preprojective algebras of Dynkin graphs, whose periodicity at most 6. These 
results have been generalized to deformed preprojective algebras [2]. Dugas showed 
that each self-injective algebra of finite representation type is periodic [B]. We also 
can obtain periodic algebras as endomorphism algebras of periodic d-cluster-tilting 
objects in a triangulated category [7]. Therefore, by Theorem II.21 we can construct 
a large class of examples of n-angulated categories from self-injective algebras. 

This paper is organized as follows. In Section 2, we recall the definition of n- 
angulated category and make some preliminaries to prove our first main result. In 
Section 3, we prove Theorem II.II In Section 4, we prove Theorem 11.21 and give 
some examples. 


2. Definitions and preliminaries 


Let C be an additive category equipped with an automorphism E : C —>■ C. An 
n-Ti-.sequence in C is a sequence of morphisms 
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Its left rotation is the n-E-sequence 

X2 ^ Xs ^ X4 ^ Xn ^ EXi EX2. 

We can define right rotation of an n-Ti-sequence similarly. An n-T,-sequence A, 
is exact if the induced sequence 

••• C{—, Xi) —>-C(—, A 2 ) C(—, A„) —>■ C(—, EAi) —>■••• 

is exact. A morphism of n-Y,-sequences is a sequence of morphisms p, = (tpi, <^ 2 , • • • , Pn) 
such that the following diagram commutes 


V V h y fi 

Ai - 5 “ A.2 -^ A3 - 


El 


/n-l 




(Pl 




1 91 ^ 

r 92 , 

93 9'n — l 

1 9n. 


EAi 

Sc/3l 


■E 




■EE 


where each row is an n-E-sequence. It is an isomorphism if ipi, ip 2 , • • ■ are all 
isomorphisms in C. 


Definition 2.1. ([5]) An n-angulated category is a triple (C, E, 0), where C is an 
additive category, E is an automorphism of C, and 0 is a class of n-E-sequences 
satisfying the following axioms: 

(Nl) (a) The class 0 is closed under direct sums and direct summands. 

(b) For each object X G C the trivial sequence 

- ^O^EA 


belongs to 0 . 

(c) For each morphism fi : Xi —> A 2 in C, there exists an n-E-sequence in 0 
whose first morphism is fi. 

(N2) An n-E-sequence belongs to 0 if and only if its left rotation belongs to 0. 
(N3) Each commutative diagram 


Ai 


fl 


■Ao 


/2 


Vl 


E 


91 


V2 


•E 2 


92 


■A 3 - 

I 

I V3 

Y 

-E 3 - 


h 


93 


A -1 


9.^-l 


A„ 


I 

I V' 

Y 


E„ 


f. 


9ri 


EAi 

SE 


with rows in 0 can be completed to a morphism of n-E-sequences. 

(N4) In the situation of (N3), the morphisms - can be chosen such 

that the mapping cone 

(-f 2 o\ r -/3 0 j (-fn 0 \ ( -s/i 0 'I 

A2©E - A3©E2 - EAi©E„ - EA2 ©EEi 

belongs to 0 . 


Remark 2.2. (a) If (C, E, 0) is an n-angulated category, then E is called a suspension functor 
and 0 is called an n-angulation of (C, E) whose elements are called n-angles. If 
0 only satisfies the three axioms (N1),(N2) and (N3), then 0 is called a pre-n- 
angulation of (C, E) and the triple (C, E, 0) is called a pre-n-angulated category. 

In this case, an element of 0 is also called an n-angle. 

(b) An n-Y-complex is a complex A, = (A^, fi)i^i over C such that Xk+n = YXk 

and fk+n = Yfk for all k G Z. Let X, = (Xi ^ X 2 ^ X 3 ^ A„ ^ 
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SXi) be an n-angle in a pre-n-angulated category C, then X, is exact by [H Propo¬ 
sition 2.5(a)], which implies that the compositions / 2 / 1 , / 3 / 2 , • • • , fnfn-i, S/i • /„ 
are all zero morphisms. So X, can be naturally seen as an n-E-complex. 

(c) The automorphism E of C induces an exact functor from modC to modC 
defined by M i-A M • E“^, which is also denoted by E. 

Throughout this section, we make the following assumption. 

Assumption 2.3. Let C be a A:-linear category with split idempotents and E : 
C ^ C an automorphism, which satisfying the following two conditions: 

(1) The category modC is a Frobenius category. 

(2) There exists an exact sequence of exact endofunctors of modC 

O^Id^X^^X^^-^X"^E ^0 ( 2 . 1 ) 

where all the X* take values in projC. 

Since C has split idempotents, the Yoneda functor gives a natural equivalence 
between C and projC, which is the subcategory of modC consisting of projectives. 
For convenience we identify C with projC. Since modC is a Frobenius category, we 
get projC = injC and the quotient category modC is a triangulated category with 
the suspension functor 17“^. In this case, the automorphism E of C in fact induces 
a triangle functor of modC which is also denoted by E. For each M S modC, we fix 
a short exact sequence 0 ^ M ^ Im ^ Q~^M —)> 0 with Im G C. Thus we obtain 
a standard injective resolution 

Im Iq-^m Iq-2m —>■••• ( 2 . 2 ) 

of M. 

Lemma 2.4. There exists a functorial isomorphism a : E —>■ 

Proof. For each M G modC, by (2.1) and (2.2) we obtain the following commutative 
diagram 

0-^ M -^ X^M -^ X^M ---- X”M-^ EM-^ 0 

OLM 

0-^ M -^ Im -^ Iq-^m -^ ■ ■ ■-^ ^ Il~^M -^ 0 

with exact rows, which implies that aM '■ EM ^ f7“"M in mod C. For each 
morphism f : M ^ M' in modC, we can easily deduce that • um = oim' ■ E/ 

by comparison theorem. □ 

Let 

Xi ^ X 2 ^ X 3 ^ X„ ^ EXi (2.3) 

be an exact n-E-sequence in C, and M = ker/i. We note that (2.3) can be seen 

as the beginning of an injective resolution of M. Since /„ has a factorization 
X„ ^ EM ^ EXi, there exists an isomorphism Pm ■ EM ^ ^“"M in modC . 

Definition 2.5. Denote by $ the class of exact n-E-sequences 

sr f 1 f2 f3 — 1 

Ai - > A.2 - > A .3 - > ■ ■ ■ - > A.n - r ZjVLi 

in C such that = Q^ker/i • 
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We will show in next section that (C, E, $) is an n-angulated category. In the 
rest of this section, we will give an effective description on the elements in $, see 
ProDOsition l2.10l for detail. 

For each M £ modC, we denote by Tm the n-S-sequence 
X^M X^M -> ^ T,X^M 

induced by the exact sequence (2.1). It is easy to see that Tm G We call Tm a 
standard n-angle. 

We denote by C'®"‘(projC) the category of acyclic complexes over projC. Denote 
by C®l! 2 (projC) the non-full subcategory of C®"‘(projC) whose objects are acyclic 
n-S-complexes of the following form 

(X., /.) =- >Xi^X2^X3^--- ^ EXi ^ SX 2 ^ , 

and whose morphisms are n-S-periodic. We note that the category is a 

Frobenius category and the projective-injectives are the n-S-contractible complexes, 
i.e., the complexes homotopic to zero with an n-E-periodic homotopy. The functor 
Zi : C'™ 2 (pi'ojl") ^ mode which sends a complex {X,,f,) to ker/i and the functor 
T : mode —>■ which sends an object M to Tm are exact functors. Both 

of the two functors preserve the projective-injectives, thus we get the following 
lemma. 


Lemma 2.6. The functors Z\ and T induce triangle functors Z\ : K^_-^{projC) 
mode and T : modC —>■ K^_-^{projC). Moreover, ZiT = 

An object in C'™ 2 (P^’oje) is simply called an n-T-complex in C. Since an exact 
n-E-sequences in C can naturally extend to an n-E-complex, we can view $ as a full 
subcategory of C'™ 2 (pJ’ojC)- tiiis sense an object in <1) is called a ^-n-T-complex. 

Lemma 2.7. Let (AT,,/,) be an nX-eomplex and (Y,,^,) a ^-nX-complex. If 
ip, : X, Y, is homotopy-eguivalent, then X, is also a ^-n-T-complex. 

Proof. Let M = ker/i and N = kergi, then p, induces a morphism h = Zi{p,) : 
M ^ N. The morphism h is an isomorphism in mod C since p, is an isomorphism 
in K!^^{projC). By comparison theorem we have Ll~^h ■ /3m = /3n ■ Eh. We also 
have ■ om = ckn ■ Eh by the naturality of a. Since Pn = cun, we obtain that 

/3m = (D“”h)“^ • aN ■ Eh = om, so AT, is a $-n-E-complex. □ 


Lemma 2.8. Each commutative diagram 
Xi 


fi .cr A „ fs 

-5“ A.2 -^ A 3 - 


fn-l 


Yi 


• Y, 


Yj 




•Y„ 


EATi 

-EYi 


whose rows are ^-nX-complexes can be extended to an n-T-periodic morphism. 


Proof. Since the Y^’s are projective-injectives, by the factorization property of cok¬ 
ernel and the definition of injective we can find morphisms pi : Xi ^ Yi such 
that pifi-i = gi-ipi-i, where i = 3,4, ••• ,n. Let M = ker/i, N = keri/i, and 
h : M ^ N he the morphism induced by the left commutative square. Assume 
that fn has a factorization Z„ 7 r„ : Xn —»■ EM ^ EAli and (/„ has a factorization 
: —» YN ^ EYi. The morphism pn induces a morphism p : 'EM EN 
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such that piTn = T^nVn- It should be noted that we do not have Tiipi ■ In = I'nP, but 
we have ■ In = I'n ■ Sft.. 



Note that /3pf -p = ■ /3m by comparison theorem. On the other hand, we have 

ttN ■ S/i = Q.~^h ■ um by the naturality of a. Since /3 m = cxm and Pn = we 
obtain that p = a'^ ■ n~^h ■ um = in mpdC. Thus there exists a projective- 
injective I in mode and morphisms a : I/M I and b : I ^ I/N such that 
p — Hh = ba. As / is projective, there exists a morphism c : I ^ Yn such that 
b = TT^c. We put = (fn - caiTn, then Pnfn-i = Pnfn-I = Qn-iPn-i and 
gnp'n = i'n'^niv’n “ CUTTn) = I'nip “ ho/lTn = ^ ■ S/l • 7 r„ = Ypi ■ Z„ 7 r„ = Ypi ■ fn- 
Thus {(pi,(p 2 , 1 V’n-i,Pn) IS & morphism in C^/:^(piojC). □ 


Lemma 2.9. The functor Z\ : Kff_Y^[projC) —>■ modC is full and its kernel is an 
ideal whose square vanishes. Thus Z\ detects isomorphisms, that is, if Zi{f) is an 
isomorphism in modC, then f is a homotopy-equivalence. 

Proof. The last assertion follows from the first assertion and [I] Lemma 8.6]. By 
Lemma 12.61 we have ZiT = which implies that Zi is full. We only need 

to show that kerZi is an ideal whose square vanishes. 

Let ip, : (A,,/,) —^ (Y,,g,) be a morphism of n-E-complexes with Zi{p,) = 0. 
Let (M, Z : M —5> Ai) be the kernel of /i and I/~^fn = Itt. Similarly let (A, I' : N ^ 
Yi) be the kernel of gi and = I'tt'. Then h = Zi{p,) has a factorization 

M I \ N, where I is projective-injective. Thus there exist two morphisms 
c : Ai —>■ / and d : I ^ Y~^Yn such that a = cl and b = ir'd. Let hi = dc. Note 
that {pi — I/~^gn ■ hi)Y~^fn = 0 , there exists a morphism mi : Mi Yi such that 
Pi — Y~^gn ■ hi = miTTi. Since Yi is projective-injective, there exists a morphism 
/i 2 : A 2 —>■ Yi such that mi = /i 2 ^i- Thus pi = E“^g„ • /ii -|- / 12 / 1 . Similarly we can 
show that there exist morphisms hi+i : Xi+i —>■ Y such that pi = hi+ifi + gi-ihi, 
Z = 2, 3, • • • , n. We take p'n = {hn+i - S/ii)/„, then pn - Pn = gn-ihn -f E/ii ■ fn. 
Hence the morphism p, is homotopy to the morphism p', = (0,0, • • • , 0, Pn) with 
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an n-E-periodic homotopy {hi, / 12 , • • • , hn)- 




Let ip, : {X,,f,) —7> {Y,,g,) and ip, : {Y,,g,) —>■ {Z,,h,) be morphisms in 
the kernel of Zi. Up to homotopy, we assume that p, = (0,0, ,0,(pn) and 
i/), = (0, 0, • • • , 0, tpn)- Thus we get the following diagram. 


^1 


fi ^ h 

—^ A 2 - 


0 0 

Yi Y2 — 


0 

^1 


hi 



fn-2 fn-l 

-^ Xn-2 - 


ffn -2 g-n-l 

-^ r JI_1 -^ 


hn—2 


Zn-1 



Since gn^n = 0 and tl^ng-n-i = 0, we have ipn factors through g„_i and ipn factors 
through gn. Thus Ipn^n = bn+igng-n-ian = 0. So Ip.ip, =0. □ 


The following proposition is a higher version of [TJ Proposition 8.7]. 

Proposition 2.10. The category of ^-n-Y-complexes is equivalent to the category 
of n-Y-complexes which are homotopy-equivalent to standard n-angles. 

Proof. Since standard n-angles are $-n-E-complexes, Lemma 12.71 implies that each 
n-E-complex which is homotopy-equivalent to a standard n-angle is a <i>-n-E-complex, 
Let (X,, /,) be a $-n-E-complex. Let M be the kernel of /i. Since X^M and X'^M 
are projective-injective, we can find morphisms cpi : Xi X^M and tp 2 '■ X 2 —> 
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X^M such that the following diagram is commutative. 


/l ^ f2-yf3 

Ai - s- ^2 -^ A3 - 



V 2 


X^M -^ X'^M -^ X^M ■ 


fn 1 fn ^ 

-^ A„ -S- 2jAi 


SvJi 


■X"M- 


We can complete ((^ 1 , (P 2 ) to an n-S-periodic morphism (p, — {pi,(p 2 , ■ • ■ , ‘fin) from 
X, to Tm by Lemma 12.81 Since Zi{(p,) = Wm, we obtain that ip, is a homotopy- 
equivalence by Lemma 12.91 i.e., X, is homotopy-equivalent to Tm- D 


3. PROOF OF Theorem 1.1 


Proof of Theorem 1.1. We are going to show that (C,S, $) is an n-angulated 
category. 

(Nla) and (Nib) are trivial. 

(Nlc). Let /i : Xi —>■ X 2 be a morphism in C, T = ker/i and B = coker/i. By 
sequence (2.1) we easily obtain the following commutative diagram 

0- —'-^Xi —^^2-- ^"-1 > (g_ 

9 

0 -^ A -^ Ia -^ fn-iA-^ ---- ^ 

with exact rows. Since g is an isomorphism in mpdC, we take h = {fl~^g)~^aA- 
Consider the following commutative diagram 

0-^ C - > Xn -SA-^ 0 

h 

0 -^ C - - —^ Ic -^ ^ 0 

g 

0 -^ Vl^-'^A -^ ^ ^ 0 


where is the pullback of h and pc- It is easy to see that 


^1 


/i. 


X 2 


/ 2 , 


X^B 




X^B 




A X^-^B 


In — lT^n 


-^Xr. 


E/.' 


SXi 


is a $-n-S-complex. 

(N2). Let X, be a $-n-E-complex. Since ^.[1] is isomorphic to the left rotation 
of X, and X, [—1] is isomorphic to the right rotation of X,, we only need to show 
that X, [1] and X, [—1] are <i)-n-S-complexes. In fact, X, is homotopy-equivalent 
to Tm for some object M G modC by Proposition 12.101 Thus .^.[1] is homotopy- 
equivalent to Tm[ 1]. Since T : modC —)• ^ triangle functor, we obtain 


0 

0 
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that is isomorphic to Tm[1]- Now X.[1] is homotopy-equivalent to Tq-ijv/, 

which implies that is a $-n-E-complex. Similarly we can show X, [—1] is a 

<i>-n-S-complex. 

(N3). It follows from Lemma [2.81 

(N4). Suppose we have a commutative diagram 


X. : 

n : 


fl fs 

-\r ^ ^ -\r JO 

Ai -^ A2 -^ A3 - 




/n-1 






EXi 

Ei/Ji 

EFi 


whose rows are <i)-n-S-complexes. Let {M,l : M Xi) he the kernel of /i, 

(TV, I' : N ^ Yi) he the kernel of gi and h : M ^ N the induced morphism. Then 

there exist two homotopy-equivalences a, : X, Tm and b, : T^v ^ Y, by the 
proof of Proposition l2.10l Let (p, = b,-T{h)-a, = (c^i, </' 2 ; •'' ; 0™) be the morphism 
from X, to y,. It is easy to see that (ipi — (j)i)I = 0, so there exists a morphism 
^2 : X 2 —> Yi such that ipi — 4>i = Ti 2 /i- Note that {(p 2 — 4>2 — 5 i^ 2 )/i = 0, 
there exists a morphism /13 : Xy, Y 2 such that f 2 — 4*2 — 51^2 = ^ 3 / 2 , be., 
^ 2 - 4>2 = gih 2 + h^fi- Let (^3 = 03 -I- g 2 hz, then g^ip^ = 33^3 = ^ 4 / 3 . If we 
take LpA = 4 ia, - ■ ■ ,^n = (j>n, then gupi = ipi+ifi, i = 4, • • • ,n - 1, and = 

g„0„ = E 01 • /„ = S((pi - / 12 / 1 ) • fn = S<Pl • fn- Thus ip, = {(pi,(p2,P3, ' ' ' , Pn) 

is an n-E-periodic morphism and </?, is n-E-homotopic to 0, with the homotopy 

(0, ^ 2 , /13, 0 , • • • , 0 ). 

It remains to show that the cone C{ipm) is a <i>-n-E-complex. In fact, since p, is 
n-E-homotopic to 0, = 5, ■ T(h) ■ a,, where a, and 6 , are homotopy-equivalent, we 
obtain that the cones C{(p,), C{(f),) and C{T{h)) are isomorphisms in . 

Let M ^ N ^ C{h) —?> fl~^M be a triangle in mpdC. Since T : modC ^ 

.^n-E(P™j^) ^ triangle functor, Tm Tjq —>■ Tc{h) —t Tm[ 1] is a triangle in 

iV^^iprojC). Thus C(T{h)) = Tc(h) in . By these isomorphisms and 

Proposition 12. 101 we get is a $-n-E-complex. □ 


4. Application to self-injective algebrs 

In this section, we will apply Theorem 1 1.1 1 to self-injective algebras and give some 
examples. 

Lemma 4.1. f |10l Lemma 1.5]j Let A be a finite-dimensional indecomposable 
quasi-periodic k-algebra, then A is a self-injective algebra. 

Lemma 4.2. Let A be a finite-dimensional self-injective k-algebra. Lf there exists 
an exact sequence of A-A-bimodules 

0 lAg. —> P„ —> Pn-i ^ —t Pi —t A —>■ 0 (4.1) 

where a is an automorphism of A and the Pi’s are projective as bimodules, then 
projA has an n-angulation structure where the suspension funetor is — ®a A^-i . 

Proof. Since A is self-injective, modA is a Frobenius category. If one tensors the se¬ 
quence (4.1) with lAo— 1 , one obtain the following exact sequence of A-A-bimodules 

0 A ^ lA^-l (8)A Pn lAo —1 Pn-l —t • • • —^ lA^-i ®A Pi lAo —1 —t 0 
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where all the 0a Pi are projective as bimodules. Thus we have the following 

exact sequence of exact endofunctors of modA 

0 — Id —> — 0A A^-l 0A Pn —^ — 0A A ^-1 0A Pn—1 —^ ’ 

—> — 0A A^-i 0A Pi ^ ~ ®A A^-i —)■ 0. 

Moreover, the functors — ( 8 >a (g)^ Pi take values in proJA. Note that a A 

Acr-i = eiA^~i = a~^(ei)A for each idempotent et of A, the functor — 0a A^-i : 
projA —proJA is an automorphism. By Theorem ll.il we deduce that (proj^, —0a 
A^-i) has an n-angulation. □ 

Theorem 4.3. Let A he a finite-dimensional indecomposable quasi-periodic k- 
algebra. Assume that ^\e{A) = i^lo- cls A-A-bimodules for an automorphism a of 
A. Then for each positive integer m, the category (projA, E) has an mn-angulation 
structure, where E is the functor — A,j-m : projA -A projA. In particular, if a 
is of finite order I, then {projA, Idp^^jj^) has an In-angulation structure. 

Proof. By Lemma Td. 11 we know that A is a self-injective algebra. We claim that 
there exists an exact sequence of A-A-bimodules 

0 -A iAct"! -a Pmn Pmn—1 Pn+1 Pn -A ■ ■ ■ ^ Pi ^ A ^ 0 

where the Pfs are projective as bimodules. Thus the theorem immediately follows 
from Lemma 4.2. We prove this claim by induction on m. Since n^e(A) = lA^- in 
modA®, there exists an exact sequence (4.1), where the Pi’s are projective as A-A- 
bimodules. Assume now that m > 1 and our claim holds for to — 1 . Applying the 
functor 1 A^m-i (gA ~ to the sequence (4.1), we obtain the following exact sequence 
of A-A-bimodules 

0 -A lAg-m -A lAg.m -1 (gA Pn -A ■ • ■ ^ lA^m-l (gA Pi -A lA^m-i -A 0. (4.2) 

Take P(^rn-i)nAi = Pi, where z = 1, 2, • • • ,n. Then the P(„_i)„+i’s are 

projective as bimodules. By induction and (4.2), we obtain that our claim holds 
for each positive integer to. □ 

In particular, we get the following easy corollary. 

Corollary 4.4. Let A he a finite-dimensional periodic k-algebra of periodicity n. 
Then the category {projA, Idp^-gj^f) has an n-angulation structure. Moreover, for 
each positive integer to, the category {projA, Idp.y.Qjjfj has an mn-angulation struc¬ 
ture. 

Example 4.5. We will revisit [1] Corollary 9.3]. Let A be a graph of generalized 
Dynkin type and A = P-^(A) be the corresponding deformed preprojective algebra 
introduced by Bialkowski-Erdmann-Skowroiiski [2]. We note that if / is zero, then 
P^(A) is just the usual preprojective algebra introduced by Gelfand-Ponomarev 
0 - By [H Proposition 3.4], we get il^e(A) = lA^,-! as A-A-bimodules for an 
automorphism cr of A of hnite order. Moreover, for each idempotent of A, we 
have a{ei) = where v is the Nakayama permutation. By Theorem 4.1, projA 
is a triangulated category, and the suspension functor — 0a A^- turns out to be 
the Nakayama functor. Let to be the order of a, then (projA, Idproja) bas a 3m- 
angulation structure. 
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Example 4.6. Let A = kQn/Is be 
n > 1, s >2, Qn is the quiver 



n 


self-injective Nakayama fc-algebra, where 

- ^2 



1 •<.4 


and Is is the ideal generated by paths of length s. It is easy to see that A is of 
finite representation type. In the notation of Asashiba this is of type (A„, ^,1). By 
Table 5.2 in [7], we know the periodicity of A is 


P = 


s, 

2s 


(s,n+l) ’ 


k = 2,n = l and 215; 
otherwise. 


Thus (proJA, Idpj-Qj^) has a structure of p-angulated category. 


Acknowledgements The author thanks professor Xiaowu Chen for drawing his 
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